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Abstract
In this work we calculate the corrections to the amputated Green's functions of 4-fermion operators, in 1-loop Lattice Perturbation theory. One of the novel aspects of our calculations is that they are carried out to second order in the lattice spacing, O(a 2 ).
We employ the Wilson/clover action for massless fermions (also applicable for the twisted mass action in the chiral limit) and a family of Symanzik improved actions for gluons. Our calculations have been carried out in a general covariant gauge. Results have been obtained for several popular choices of values for the Symanzik coefficients (Plaquette, Tree-level Symanzik, Iwasaki, TILW and DBW2 action).
While our Green's function calculations regard any pointlike 4-fermion operators which do not mix with lower dimension ones, we pay particular attention to ∆F = 2 operators, both Parity Conserving and Parity Violating (F stands for flavour: S, C, B). By appropriately projecting those bare Green's functions we compute the perturbative renormalization constants for a complete basis of 4-fermion operators and we study their mixing pattern.
For some of the actions considered here, even O(a 0 ) results did not exist in the literature to date. The correction terms which we calculate (along with our previous O(a 2 ) calculation of Z Ψ [1] [2] [3] ) are essential ingredients for minimizing the lattice artifacts which are present in non-perturbative evaluations of renormalization constants with the RI ′ -MOM method.
Our perturbative results, for the matrix elements of ∆F = 2 operators and for the corresponding renormalization matrices, depend on a large number of parameters: coupling constant, number of colors, lattice spacing, external momentum, clover parameter, Symanzik coefficients, gauge parameter. To make these results most easily accessible to the reader, we have included them in the distribution package of this paper, as an ASCII file named:
4-fermi.m; the file is best perused as Mathematica input.
The main results of this work have been applied to improve non-perturbative estimates of the B K -parameter in N F = 2 twisted mass lattice QCD [4] .
I. INTRODUCTION
A number of flavour-changing processes are currently under study in Lattice simulations.
Among the most common examples are the decay K → ππ and K 0 -K 0 oscillations. From experimental evidence, we know that these weak processes violate the CP symmetry. In theory, the calculation of the amount of CP violation in K 0 -K 0 oscillations requires the knowledge of the kaon B K parameter.
The parameter B K is obtained from the ∆S = 2 weak matrix element:
where s and d stand for strange and down quarks, andÔ ∆S=2 is the effective 4-quark interaction renormalized operator, corresponding to the bare operator:
The above operator splits into parity-even and parity-odd parts; in standard notation:
V A+AV . Since the above weak process is simulated in the framework of Lattice QCD, where Parity is a symmetry, the parity-odd part gives no contribution to the 
where O
∆S=2
V V +AA is the bare operator andÔ ∆S=2 V V +AA is the corresponding renormalized operator. Our results are immediately applicable to other ∆F = 2 processes of great phenomenological interest, such as D −D or B −B mixing. They are also useful in new physics models (i.e. beyond the standard model), because there the complete basis of 4-fermion operators contributes to neutral meson mixing amplitudes; this is the case for instance of SUSY models (see e.g. [5] ). For this, one needs to study more general operators of the form
where X and Y are general Dirac matrices (see Eq. (8)).
With Wilson fermions on the lattice, the explicit breaking of chiral symmetry also induces a mixing between the Standard Model operator in Eq. (2) and the other ∆S = 2 operators of the basis Eq. (4) . A strategy which allows to avoid this mixing and, at the same time, guarantees automatic O(a)-improvement of the four fermion operators has been proposed in [6] and it makes use of twisted and Osterwalder-Seiler fermions. In this approach, for the Making use of Wick's theorem one checks the equality: C KOK ′ (x, y) = C KOK (x, y), which means that both correlators contain the same physical information.
The aforementioned matrix elements are very sensitive to various systematic errors. A major issue facing Lattice Gauge Theory, since its early days, has been the reduction of effects induced by the finiteness of lattice spacing a, in order to better approach the elusive continuum limit.
In order to obtain reliable non-perturbative estimates of physical quantities it is essential to keep under control the O(a) systematic errors in simulations or, additionally, reduce the lattice artifacts in numerical results. Such a reduction, regarding renormalization functions, can be achieved by subtracting appropriately the O(a 2 ) perturbative correction terms presented in this paper, from corresponding non-perturbative results.
In this paper we address the perturbative aspects of this problem from a very general point of view. In particular, we study the bare 4-point amputated Green's function of the most general pointlike 4-fermion operators with four distinct flavours 1 . Although the computational procedure laid out in the paper is applicable to all orders in the lattice spacing, we focus on two different results:
1. The perturbative 1-loop evaluation of renormalization factors for a variety of 4-fermion operators. These factors can be used to renormalize 4-fermion operators computed nonperturbatively with any fermion/gluon Wilson-like improved action. This part can be considered as an extension of other computations of 4-fermion operator renormalization [7] .
2. The evaluation of O(a 2 ) contributions to the aforementioned 1-loop computations. These are very useful to improve non-perturbative estimates for the same renormalization factors [4] , since they can reduce lattice artifacts, leading to more reliable determinations.
1 For ∆S = 1 operators with flavour structure (sXd)(qY q) penguin contractions induce a power divergent mixing of the four fermion operators with lower dimension operators. This case is not considered in the present paper.
In Section II we define the general 4-fermion operators and describe the setup of the computation. The calculations are carried out up to 1-loop in Lattice Perturbation theory and up to O(a 2 ) in lattice spacing. In the same Section we also present simplified expressions for the three Feynman diagrams, which constitute the building blocks of the whole calculation.
In addition, we address certain difficulties which are associated to the O(a 2 ) computation.
In Section III we switch to the evaluation of the renormalization matrices for the 4-fermion operators. In particular, we focus on the complete basis of 20 four-fermion operators of dimension six which do not need power subtractions (i.e. mixing occurs only with other operators of equal dimensions). In the last Section, we summarize the main results of this work, and discuss how non-perturbative estimates are being improved by subtracting our O(a 2 ) correction terms.
II. AMPUTATED GREEN'S FUNCTIONS OF 4-FERMION ∆S = ∆s + ∆s
′ = 2
OPERATORS.
Here we evaluate, up to O(a 2 ), the 1-loop matrix element of the 4-fermion operators (the superscript letter F stands for Fierz.):
with a generic initial state:
, and a generic final state: 0|d
Spin indices are denoted by i, k, and color indices by a, c, d, while X and Y correspond to the following set of products of the Dirac matrices:
Our calculations are performed using massless fermions described by the Wilson/clover action. By taking m f = 0, our results are identical also for the twisted mass and the Osterwalder-Seiler actions in the chiral limit (in the so called twisted mass basis). For gluons we employ a 3-parameter family of Symanzik improved actions, which comprises all common gluon actions (Plaquette, tree-level Symanzik, Iwasaki, DBW2, Lüscher-Weisz).
Conventions and notations for the actions, as well as algebraic manipulations involving the evaluation of 1-loop Feynman diagrams (up to O(a 2 )), are described in detail in Ref. [1] . To establish notation and normalization, let us first write the tree-level expression for the amputated Green's functions of the operators O XY and O F XY :
where r is the Wilson parameter, one for each flavour.
We continue with the first quantum corrections. 
Once we have constructed Λ
we can use relation:
to derive the expressions for (Λ F ) 
In our algebraic expressions for the 1-loop amputated Green's functions Λ 
Concerning the external momenta p i (shown explicitly in Fig. 1 ) we have chosen to evaluate the amputated Green's functions at the renormalization point: 
where:
The O(a The crucial point of our calculation is the correct extraction of the full O(a 2 ) dependence from loop integrands with strong IR divergences (convergent only beyond 6 dimensions).
The singularities are isolated using the procedure explained in Ref. [1] . In order to reduce the number of strong IR divergent integrals, appearing in diagram d 1 , we have inserted the identity below into selected 3-point functions:
) and k (p) is the loop (external) momentum. Repeated use of Eq.
(20) reduces the 3-point functions to either 2-point functions or more convergent expressions.
The factor 1/ a p 2 in Eq. (20) can be treated by Taylor expansion. For our calculations it was necessary only to O(a 0 ):
Here we present one of the four integrals with strong IR divergences that enter this calculation:
The results for the other three integrals can be found in Ref. [1] . Integrands with simple IR divergences (convergent beyond 4 dimensions) can be handled by well-known techniques. In order to address these problems we have calculated the mixing pattern (renormalization matrices) of the Parity Conserving and Parity Violating 4-fermion ∆S = 2 operators (defined below), by using the amputated Green's functions obtained in the previous section. A more extensive theoretical background and non-perturbative results, concerning renormalization matrices of 4-fermion operators, can be found in Ref. [8] (see also [6, 9, 10] ). Next we summarize all important relations from Ref. [8] needed for the present calculation.
One can construct a complete basis of 20 independent operators which have the symmetries of the generic QCD Wilson lattice action (Parity P , Charge conjugation C, Flavour
and
, with 4 degenerate quarks. This basis can be decomposed into smaller independent bases according to the discrete symmetries P, S, CP S ′ , CP S ′′ . Following the notation of Ref. [8] we have 10 Parity Conserving operators, Q, (P = + 1, S= ± 1) and 10
Parity Violating operators, Q, (P = − 1, S= ± 1):
Summation over all independent Lorentz indices (if any), of the Dirac matrices, is implied.
The operators shown above are grouped together according to their mixing pattern. This implies that the renormalization matrices Z S=±1 (Z S=±1 ), for the Parity Conserving (Vio-lating) operators, have the form:
Now the renormalized Parity Conserving (Violating) operators,Q S=±1 (Q S=±1 ), are defined via the equations:
where l, m = 1, . . . , 5 (a sum over m is implied). The renormalized amputated Green's
where Z Ψ is the quark field renormalization constant. In order to obtain Z Ψ for a given renormalization prescription, one must make use of the inverse fermion propagator, S −1 , calculated (up to 1-loop and up to O(a 2 ) for massless Wilson/clover fermions and Symanzik improved gluons) in Ref. [1] .
The renormalization matrices Z S=±1 (Z S=±1 ), are computed using the appropriate Parity Conserving (Violating) Projectors P S=±1 (P S=±1 ):
summation is implied over all independent
Lorentz indices (if any) of the Dirac matrices. The above Projectors are chosen to obey the following orthogonality conditions:
where the trace is taken over spin and color indices, and L
S=±1
(tree) , L
(tree) are the tree-level amputated Green's functions of the operators Q S=±1 , Q S=±1 respectively.
Consistently with the RI ′ schemes, one may impose the renormalization conditions:
These conditions should be imposed at a given renormalization scale, µ. Note, however, that due to the presence of Lorentz non-invariant quantities, such as ρ p 4 ρ , which enter the Greens functions at O(a 2 ) and beyond, the renormalization factors computed in the RI ′ -MOM scheme are also affected through finite cutoff effects by the choice of the direction for the external momentum.
By inserting Eqs. (26) in the above relations, we obtain the renormalization matrices Z S=±1 , Z S=±1 in terms of known quantities:
Note that D S=±1 and D S=±1 have the same matrix structure as Z S=±1 and Z S=±1 respectively. For convenience we express them as:
In the parity violating case, as explained in Ref. [8] (Section 5.3), an equality holds between two pairs of matrix elements:
In addition, for the parity conserving projection the matrix elements d
give zero at the 1-loop of perturbative theory:
The matrix elements of Eqs. (31)-(32) have the following simple and generic form: 
where for the tree-level Symanzik improved action
As an example, we provide the exact expression for Z S=±1 V A+AV , up to 1-loop approximation:
This costant is the one relevant for the renormalization of B K in the twisted mass/Osterwalder-Seiler approach [6] , implemented in Ref. [4] 2 . For the tree-level Symanzik improved action adopted in the calculation of Ref. [6] , with c SW = 0 and in the Landau gauge, Eq. (46) reads:
While the RI ′ -MOM scheme allows for a non-perturbative renormalization procedure of the lattice operators, the Wilson coefficients entering the effective weak Hamiltonian for neutral meson mixing, both in the Standard Model and beyond, are often computed in the MS scheme. For convenience, we then also provide here the formulae relating the operators renormalized in the RI ′ -MOM to those renormalized in the MS scheme, at the next-toleading order (i.e. 1-loop). This relation does not depend on the chosen regularization and it may be conveniently computed using, for instance, continuum dimensional regularization.
We restrict our attention to the ∆F = 2 Parity Conserving operators, which are relevant for neutral meson mixing. These are the 5 operators Q When dealing with four-fermion operators, the (modified) minimal subtraction prescription in dimensional regularization is not sufficient however to univocally specify the renormalization scheme. Different MS schemes can be defined, which differ for the definition of the so called evanescent operators. The scheme usually adopted in the analysis of K −K mixing is the MS scheme defined for instance in Ref. [11] , for which the 1-loop conversion matrix ∆r of Eq. (48) reads: 
For B −B mixing, instead, the MS scheme of Ref. [12] is more commonly adopted. The corresponding matrix ∆r differ from the one given in Eq. (49) only in the Q 
In order to correct, to O(a 2 ), non-perturbative estimates for the renormalization constants of 4-fermion operators one should take into account the O(a 2 ) corrections of Eqs. (40) - (41), as well as the O(a 2 ) terms of the fermion propagator [1] . The exact terms that need to be subtracted from the non-perturbative Z q , computed in the RI ′ -MOM scheme are provided in Ref. [3] for general action parameters and in Ref. [2] for tree-level Symanzik improved gluons, c SW = 0, Landau gauge. 
Appendix B: Notation in ASCII file: 4-fermi.m
The full body of our results can be accessed online through the file 4-fermi.m, which is a Mathematica input file. It includes the expressions for the three Feynman diagrams:
• Λ • csw: clover parameter
• lambda: gauge parameter (Landau/Feynman/Generic correspond to 0/1/lambda)
• Nc: number of colors
• g: coupling constant
• aL: lattice spacing
In particular, the quantities of interest in that file are the renornalization matrices for the 10 Parity Conserving operators, and 10 Parity Violating operators, which read: 
